Introduction
In this paper, we consider the design of observers for discrete-time nonlinear systems by means of so called (extended) observer forms. Loosely speaking, a system in observer form is a linear observable (continuous-time or discrete-time) system that is interconnected with an output-dependent nonlinearity. Observers for this kind of systems may be built by building a classical linear Luenberger observer for the linear system, and adding the output-dependent nonlinearity to this observer. Thus, observer design for systems in observer form is relatively easy. By the same token, also observer design for systems that may be transformed into a system in observer form by means of a coordinate transformation and an output transformation is relatively easy.
Observer design for systems in observer form was rst studied, in the continuous-time setting, in 10], 11] (see also 15] ). In these papers, conditions were given under which a nonlinear continuous-time system may be transformed into a system in observer form by means of a coordinate transformation and an output transformation. Basically, these conditions were given in terms of the integrability of certain codistributions.
Later on, the observer design for discrete-time systems in observer form was studied (see 1] , 12], 13] and the references therein), and conditions were given under which a nonlinear discrete-time system may be transformed into a system in observer form by means of a coordinate transformation and an output transformation. These conditions came down to the question whether certain functions could be factorized in a certain way. For single-output systems, conditions under which this factorization is indeed possible were given when only output transformations are allowed. (In fact, 13] also claims to give conditions for the multi-output case. However, these conditions seem to be incorrect.) One of the purposes of this paper is to generalize the conditions given in 13] for single-output systems to the case where, besides a coordinate transformation, also an output transformation is allowed.
The conditions for the existence of an observer form for continuous-time systems and discrete-time systems given in 10], 11], 1], 12], 13] are quite restrictive. Therefore, generalizations have been considered, both in the continuous-time case and the discrete-time case. In the continuous-time case, so-called generalized observer forms were considered. These generalized observer forms consist of an observable linear system interconnected with a nonlinearity that depends on the output of the system and a nite number of its derivatives. In 6], di erential geometric conditions were given under which a continuous-time system may be transformed into a generalized observer form by means of so called generalized coordinate transformations (i.e., transformations that, besides the state of the system, also depend on a nite number of time-derivatives of the outputs) and an output transformation. In the discrete-time context, the design of so called extended observers by using extended observer forms was studied in 7], 8].
Here, an extended observer is an observer that, besides the output of the system, also depends on a nite number of its past values, while a system in extended observer form consists of an observable linear system interconnected with a nonlinearity that depends on the output of the system and a nite number of past output values. In 7] , 8], conditions were given under which a given single-output discrete-time system may be transformed into a system in extended observer form by means of an extended coordinate transformation (i.e., a coordinate transformation that depends on the state of the system and a nite number of past output values) and an output transformation. As in 1], 12], these conditions again boilt down to the question whether a given function may be factorized in a certain way. A corollary of the results obtained in 7], 8] is that when the number of past output values equals n ? 1 (where n is the dimension of the state space of the system under consideration), an extended observer form always exists when the system under consideration is strongly observable (for the exact de nition of strong observability, we refer to Section 3). In this paper, differential geometric conditions for the existence of such a factorization for the cases that the number of past output values is smaller than n ? 1 will be given.
It is to be noted that in principle the problem of observer design is a global problem. Therefore one would also like to obtain global conditions for existence of extended observer forms. However, if one knows that the system under consideration evolves on an invariant set, also existence conditions on this invariant set would su ce. In this paper, all results obtained will be valid on open invariant sets on which some regularity assumptions hold. Of course, this also includes the case where one really would like to have global conditions. This paper is organized as follows. In the following section, an overview of results from the theory of di erential forms that will be used in this paper is given. In Section 3, we consider the existence of observer forms for single-output discrete-time systems. The results in this section reformulate and generalize the results in 13]. In Section 4, the existence of extended observer forms for single-output discrete-time systems is studied. Section 5 contains some conclusions.
Di erential forms
In this section we give an overview of results from the theory of differential forms that will be used in this paper. Note that a one-form on V is just an element of V , the dual of V . The space of all k-forms on V is denoted by k (V ). It is easily checked that the k-linearity and anti-symmetry of a k-form on V implies that all k-forms are zero for k > r. We de ne A di erential form on M is now de ned to be a smooth section of the bundle (T M), while a di erential k-form on M is de ned to be a smooth section of the bundle k (T M). So, roughly speaking, a di erential (k?)form on M is a "prescription" that assigns a (k?)form ! x on T x M to every x 2 M in a smooth way. Note that by this de nition a di erential 0-form on M is just a smooth function on M. When no confusion arises, we will simply call a di erential (k?)form on M a (k?)form on M in the sequel.
The wedge product of the forms ; ! on M is de ned to be the form ( ^!) 1. d is linear: Let be a smooth vector eld on M. The Lie-derivative L maps a k-form ! into a k-form L !. L is uniquely de ned by the following properties:
From the de nitions of interior product, exterior derivative, and Liederivative one may derive the following identities that will be frequently used in the sequel (here ; denote smooth vector elds on M, and ! denotes a k-form on M). 
In what follows, we will also need the following result. We start our investigation of observer design for nonlinear discrete-time systems by considering a nonlinear discrete-time system~ of the form 
We next consider a nonlinear discrete-time system of the form
where x 2 IR n , y 2 IR, and the mappings f : IR n ! IR n and h : IR n ! IR are smooth. We will say that can be put in observer form if there exist a di eomorphism P : IR n ! IR n of the state space and a di eomorphism p : IR ! IR of the output space such that in the new coordinates z = P(x) and with the new outputỹ = p(y) the system takes the form (2.18), where the pair (C; A) is in Brunovsky form. If does admit an observer form, an observer for may then be obtained by rst building an observer (2.19) for the observer form (2.18) and then letting b
x(k) := P ?1 (b z(k)) be the estimate of x(k).
We thus see that observer design for a discrete-time system of the form (2.20) is relatively easy when can be put in observer form. This raises the question under what conditions can be put in observer form. To derive these conditions, we rst introduce the so called observable form of . De ne the observability map : IR n ! IR n by
where f 1 := f, f k := f f k?1 . Assume that the origin is an equilibrium point of (i.e., f(0) = 0) and that h(0) = 0. We then call strongly observable on an open subset U IR n containing the origin if is a diffeomorphism on U. It follows that if is strongly observable on U, then s := (x) forms a new set of local coordinates for on U. In these new coordinates, takes the form 8 > > > > > < > > > > > : ( In these new coordinates, we obtain the observer form for : Then the following statements are equivalent:
(i) can be put in observer form on U. .14), it is straightforwardly checked that j = i ; j ] ! i . Together with (2.43), this yields (2.33), which establishes our claim. 4 Observer design using extended observer forms
In the previous section, we have seen that observer design for a nonlinear discrete-time system (2.20) is relatively easy when the system can be put in observer form (2.18). Unfortunately, however, the conditions for existence of an observer form given in Theorem 4 are quite restrictive. In this section, we will relax these conditions by considering so called extended observers and extended observer forms.
We will rst explain what is meant by an extended observer. Consider a system of the form (2.20), and let N 2 IN be given. We now assume that at every time instant k N we do not only know the output y(k) at time k, but also the past outputs y(k ? To study the design of extended observers for a discrete-time system of the form (2.20), we rst consider a system~ e of the form
where the state z 2 IR n , the outputỹ 2 IR, A; C are matrices of appropriate dimensions, the mapping : IR N+1 ! IR n is smooth, and the pair (C; A) is in Brunovsky form. Note that for N = 0 the system~ e is identical to the system~ in (2.18). Therefore, a system~ e of the form (2.44) will be referred to as a system in extended observer form with bu er N. As for a system in observer form, the design of an extended observer for a system in extended observer form is relatively easy. Namely, it is straightforwardly checked that the system
where the matrix K is such that all eigenvalues of A ? KC are in the open unit disc, is an extended observer for~ e . As in the previous section, we now consider the question under which conditions a given discrete-time system can be put in extended observer form for some N 2 IN. The transformations we are going to use here, are more general than the ones in the previous section, in the sense that we also allow them to depend on the past output measurements y(k?1); ; y(k? N). More speci cally, we will be looking at parametrized transformations z = P(x; n ; ; N ), where z 2 IR n , with the property that there exists a mapping P ?1 ( ; 1 ; ; N ) : IR n ! IR n parametrized by ( 1 ; ; N ) such that for all ( 1 ; ; N ) we have that P(P ?1 (z; 1 ; ; N ); 1 ; ; N ) = z A mapping having this property will be referred to as an extended coordinate change. We will then say that the system (2.20) can be put in extended observer form with bu er N if there exists an extended coordinate change P( ; 1 ; ; N ) : IR n ! IR n parametrized by ( 1 ; ; N ) It may then be shown that in these variables we obtain the following extended observer form:
. . . Thus, we see that every strongly observable system can be put in extended observer with bu er N = n?1. From a practical point of view, e.g. when n is large, it may be desirable to reduce the size of the bu er. Therefore, we next investigate under which conditions an extended observer with bu er N 2 f1; ; n ? 2g exists. As in the previous section, these conditions are again given in terms of the one-forms ! i in (2.26) which is equivalent to @ 2 f @s k s j = 0 (j; k = 1; ; n; jj ? kj > n) (2.55) It is easily checked that this condition is equivalent to the existence of functions 1 ; ; n?N such that f s satis es (2.48).
For the case that in (2.48) we have that p 6 = id IR , the following result holds.
Theorem 10 Consider a discrete-time system of the form (2.20) that is strongly observable on an open invariant subset U IR n containing the origin. Assume further that U is smoothly contractible to the origin, and that the one-forms ! 1 ; ; ! n in (2.26) generate a codistribution on U. Let N 2 f1; ; n ? 2g be given. Then the following statements are equivalent: (i) can be put in extended observer form with bu er N on U. Together with Theorem 9, this establishes our claim.
(ii),(iii) From the fact that ! n = df s , it follows that the function S that needs to exist has to satisfy dS^! n . By Cartan's Lemma, this implies that there should exist a function such that dS = ! n and d ^! n = 0 Remark 11 Theorem 10 generalizes Theorem 6. From the rst two items of both theorems this is seen immediately. If however, one considers the third item of both theorems the generalization is far from obvious at rst sight. This is due to the fact that the equivalence (ii),(iii) in Theorem 6
holds for general independent one-forms ! 1 ; ; ! n , while this equivalence in Theorem 10 only holds for one-forms ! 1 ; ; ! n of the form (2.26).
Conclusions
In this paper, we have given conditions for the existence of extended observer forms and extended observers for single-output nonlinear discretetime systems. All conditions are valid on an open invariant subset of the state space that is smoothly contractible to an equilibrium point of the system and on which some regularity assumptions are satis ed. This raises the question what can be said for the case that (some of) the regularity assumptions are not satis ed. This remains a topic for future research. A further topic for future research would be the question when extended observer forms and extended observers for multi-output discrete-time systems exist. As also mentioned in the Introduction, it seems that the conditions given in 13] for the existence of an observer form when only coordinate transformations are allowed, seem to be incorrect. Preliminary investigations suggest that in fact the problem of coming up with correct conditions may be quite intractable. On the other hand however, it may be shown by using the same techniques as in 7], 8] that a strongly observable multi-output system may always be put in observer form with bu er N = ? 1, where equals the maximal so called observability index of the system.
